Interference of two beams produced at separate biphoton sources was first observed more than two decades ago. The phenomenon, often called "induced coherence without induced emission", has recently gained attention after its applications to imaging, spectroscopy, and measuring biphoton correlations have been discovered. The sources used in the corresponding experiments are nonlinear crystals pumped by laser light. The use of a laser pump makes the occurrence of induced (stimulated) emission unavoidable and the effect of stimulated emission can be observed in the joint detection rate of the two beams. This fact raises the question whether the stimulated emission also plays a role in inducing the coherence. Here we investigate a case in which the crystals are pumped with a single-photon Fock state. We find that coherence is induced even though the possibility of stimulated emission is now fully ruled out. Furthermore, the joint detection rate of the two beams becomes ideally zero and does no longer change with the pump power. We illustrate our results by numerical simulations and by comparisons with experimental findings. Our results rule out any classical or semi-classical explanation of the phenomenon and also imply that similar experiments can be performed with fermions, for which stimulated emission is strictly forbidden.
I. INTRODUCTION
In 1991 [1, 2] , Zou, Wang, and Mandel (ZWM) induced coherence between two light beams generated by two spatially separated identical biphoton sources. The sources were nonlinear crystals each of which could emit two photons into two separable beams. The crucial technique (originally suggested by Ou) was to send a beam from one of the sources through the other source and to overlap it with the beam of the same photon generated by the latter (Fig. 1) . In a recent series of work, this technique has been used for imaging [3, 4] , spectroscopy [5] , generating a light beam in any state of polarization [6] , testing the complementarity principle [7, 8] , measuring correlations between two photons [9, 10] , and generating multiphoton high-dimensional entangled states [11] . In all the above-mentioned experiments, laser light has been used to pump the nonlinear crystals. Therefore when a beam from one of the sources is sent through the other source, the occurrence of stimulated (induced) emission becomes unavoidable. This fact leads to the question whether stimulated emission is the cause of the induced coherence (see, for example, [12] ).
This question is important to address mainly because of two reasons. 1) It would otherwise leave the possibility of explaining the generation of coherence semi-classically. 2) More importantly, if stimulated emission plays a key role in inducing the coherence, it will not be possible to perform similar experiments with fermions for which stimulated emission is strictly forbidden. * Electronic address: mayukh.lahiri@univie.ac.at
We show that if the biphoton sources are pumped with a single-photon Fock state, stimulated emission becomes forbidden but the two beams remain mutually coherent. Our results thus establish that stimulated emission is not responsible for the mutual coherence and therefore assures the prospect of performing ZWM-type experiments with fermions. We also discuss the similarities and differences between the cases of the single-photon and the laser pumps.
FIG. 1:
Schematic of the experimental setup. Q is a source that generates the pump beam. In our proposed experiment it is a single-photon source. (In usual experiments it is a laser source.) The pump beam is split into two to illuminate two identical nonlinear crystals, NL1 and NL2. The crystals generate signal (S1, S2) and idler (I1, I2) beams by the process of parametric down-conversion. Signal beams S1 and S2 are combined by a beam splitter BS and the resulting beam is collected by a detector D. The idler beams are aligned through NL2 but never detected.
II. DESCRIPTION OF THE PROPOSED EXPERIMENT
A ZWM-interferometer ( Fig. 1 ) uses two spatially separated identical biphoton sources (NL1 and NL2). Each source emits a photon pair (signal and idler) into a pair of beams. NL1 emits the signal and the idler photons into beams S 1 and I 1 , respectively. Similarly, NL2 emits the photons into S 2 and I 2 . In the experiment, singlephoton interference between S 1 and S 2 is observed by erasing the which-path information with the help of I 1 and I 2 . The key is to send I 1 through NL2 and to align it with I 2 . In such experiments weakly pumped nonlinear crystals are used as biphoton sources. Since these crystals are pumped by laser beams, there is always a non-zero probability of the presence of idler photons generated by the first source at the second source when the down-conversion is taking place at the latter. Therefore, occurrence of stimulated (induced) emission at NL2 is in principle inevitable.
We propose to replace the pumping laser source with a single-photon source. The light generated by the singlephoton source will display antibunching [15] . Below we discuss in detail the expected outcome of the experiment.
III. THEORY
In the process of parametric down-conversion, a nonlinear crystal absorbs a pump photon and generates a photon pair (signal and idler); generation of multiple pairs is also possible depending on the state of the pumping field. For simplicity, we consider single-mode optical fields; we denote the mean frequencies of pump, signal, and idler fields by ω P , ω S , and ω I , respectively. The Hamiltonian describing parametric down-conversion at either crystal can be expressed, in the interaction picture, as (see, for example, [13] )
where j = 1, 2 labels the two nonlinear crystals, g represents the interaction strength; P , S, and I represent pump, signal, and idler photons respectively; a and a † represent photon annihilation and creation operators respectively; ∆ω = ω S +ω I −ω P ; and H. c. denotes Hermitian conjugation. The quantum state of light generated by each crystal is obtained by the standard perturbative solution (see, for example, [14] ) and is given by the wellknown expression
where |ψ j0 is the state of light before down conversion, τ is the interaction time which is usually the time taken by the pump to travel the crystal's length, and we have dropped the normalization constant. It is important to note that the interaction Hamiltonian is time dependent and one needs to consider the proper ordering of the timeintegrations while calculating the higher order terms. By carrying out the integrations in Eq. (2), we express Eq. (2) in the following form:
where g andg contains the same order of g . Although heir explicit forms are not necessary for the purpose of our discussion, they are given in Appendix.
If the I 1 beam originating from NL1 is sent through NL2 and then perfectly aligned with the I 2 beam (Fig.  1) , we have
where φ I is the phase change due to propagation from crystal NL1tocrystalN L2. When the two crystals are put into the ZWM setup ( Fig. 1) , the quantum state of light generated by them is given by [4] 
where Eq. (4) has been substituted in the expression of U 2 and |ψ 0 is the initial state of light before any downconversion took place. Equation (5) is applicable to both the cases where laser and single-photon pumps are used. It is the initial state, |ψ 0 , which makes the difference between the two cases.
A. Pumping with Single-photons
A single-photon source produces light that displays antibunching [15] , i.e., if the light is sent through a beam splitter, no coincidence counts between the two outputs are registered for an appropriate choice of the delay line. This is because a single photon cannot be broken into further halves and therefore cannot be absorbed at more than one place. In the experiment (Fig. 1) , the two crystals are placed at the two outputs of a beam splitter and therefore both of them can never absorb the same pump photon. Now if the time difference between two consecutive pump photons is sufficiently large, it becomes absolutely impossible that an idler photon generated by NL1 would be present at NL2 when down-conversion takes place at the latter. The occurrence of stimulated emission at NL2 thus becomes strictly forbidden. We prove below that even in this case the signal beams, S 1 and S 2 , remain fully coherent.
We assume for simplicity that the pump beam has the same intensity at the two crystals. When the pump beam is generated by a single-photon source, the initial state [see Eq. (5)] is given by
where "vac" implies vacuum (no photon), e.g., vac {S,I} signifies no occupation in the signal and the idler modes generated by both crystals; φ P represents the phase difference between the pump field at the two crystals; and the single-photon Fock state 1 Pj represents a pump photon for the crystal j such that a Pj 1 Pj = vac Pj . It now follows from Eqs. (3), (4), (5), and (6) that the quantum state of light in the system takes the form
where η has contributions from all even orders of g , G sp has contributions from all odd orders of g ; |η| |G sp | and φ = φ P − φ I . It is important to note that Eq. (7) provides an exact expression that is obtained without dropping any higher-order term; the terms containing even order of g in U 2 U 1 yield the initial state |ψ 0 sp , and the terms containing odd order of g yield the state multiplied with G sp .
In order to calculate the photon counting rate at the camera, we need to determine the quantized electric field at the detector D (after the beam splitter BS in Fig.  1 ). The positive frequency part of the field can be represented by
where φ S is the phase due to difference between the optical paths from N L1 and N L2 to D. The photon counting rate at D is then given by
where
, the state |Ψ is given by Eq. (7), and we have dropped a constant multiplicative factor that depends on the detectors's efficiency. Once again note Eq. (9) gives an exact expression for the photon counting rate, i.e., no higher order term has been neglected.
It is clear from Eq. (9) that the signal beams S 1 and S 2 creates a single-photon interference pattern at the detector D. This means the two signal beams are mutually coherent. Since occurrence of stimulated emission is forbidden (see discussions above), this mutual coherence in the lowest-order [16] can only be explained from the indistinguishability of the paths for the signal photons arriving at the detector.
The single-photon pump ensures that only one pair of down-converted photons exist in the system at a time. This fact is also justified by absence of terms with higher photon number in Eq. (7). Since the signal modes generated by both crystals are never simultaneously occupied, there will be no coincidence count if one detects both signal beams (with appropriate delay) as shown in Fig. 2 .
B. Comparison with the Case of Laser Pump
We represent the laser field by a coherent state. When the two crystals are pumped by a laser, the initial state before any down-conversion is given by
where the suffix, lp, implies laser pump, vac {S,I} signifies zero occupation in all signal and idler modes, and |α j P represents the coherent state of the pump at crystal j such that a Pj |α j P = α j |α j P . For simplicity we again assume that the pump beams have the same intensities at the two crystals, i.e., |α 1 | = |α 2 | = α, say. It now follows from Eqs. (5) and (10) that (keeping up to second-order terms)
where we have written g of Eq. (3) as g lp to distinguish the case of laser pump and absorbed the phase factor exp[iarg{α 1 }] into it; |{α P } = |α 1 P |α 2 P ; the terms containing the same order of g are arranged inside the same square brackets; φ = φ P − φ I with φ P = arg{α 2 } − arg{α 1 }; and we have dropped the normalization constant. One can readily show that the photo counting rate at D, is now given by
where φ in = φ S + φ + π/2 and we have again dropped a constant multiplicative factor that depends on the detectors's efficiency. A comparison between the cases of single-photon pump and laser pump reveals many interesting features as we discuss below. If the crystals are weakly pumped and rate of downconversion is low, we have |g lp α| 2
2 with respect to 1 is therefore equivalent to neglecting the effect of stimulated emission. However, we find from Eq. (12) that this approximation does not destroy the interference pattern. We thus conclude that although stimulated emission occurs when a laser pump is used, the mutual coherence between the two signal beams is not due to stimulated emission; the spontaneous emissions occurring at the two crystals play the dominating role.
We now compare the contributions from NL2 to the photon counting rates for both types of pumps -in particular, we calculate their ratio. If we assume that |G sp | = |g lp α|, i.e., if the product of pump power and the crystal gain have the same value in both cases, we find the ratio to be given by
where we have assumed that the detectors in both cases have the same efficiency. Clearly, the ratio is not a constant and increases with the power of the laser pump. However, if the effect of stimulated emission can be neglected, i.e., if |g lp α| 2 1 as discussed above, the ratio will remain almost constant with increasing power of the laser pump.
It is clear from the above discussion that when |g lp α| 2 1, the stimulated emission occurring at NL2 does not practically affect the lowest-order interference of the two signal beams. However, the stimulated emission plays a crucial role in the higher-order correlation effects displayed by the signal beams. Let us, for example, analyze the situation illustrated in Fig. 2 . Here, coincidence detection of S 1 and S 2 is considered when the time delay between them is fully compensated by the Dependence of the coincidence detection rate of S1 and S2 with the pump power. For single-photon pump (dashed line), the coincidence rate (in dimensionless unit) is independent of the pump power (|α| 2 ; dimensionless unit). For laser pump, the rate increases quadratically with the pump power.
coincidence circuit. The coincidence detection rates for the cases of single-photon pump (sp) and laser-pump (lp) are found to be given by the two following equations:
where |Ψ sp and |Ψ sp are given by Eqs. (7) and (11), respectively. It thus follows that for the single-photon pump the rate of coincidence detection is zero and does not depend on the crystal gain or pump power. On the other hand, for the laser pump the rate of coincidence detection increases quadratically with the pump power (|α| 2 ). Figure 3 illustrates this difference. The term of the quantum state that leads to the quadratically increasing coincidence counts in the case of laser pump is again |1 S1 , 1 S2 |2 I1 , which arises due to stimulated emission occurring at NL2. It can be physically understood as follows: The presence of a photon in the I 1 mode at NL2, makes the emission of a photon in the same mode more probable. Since emission of an idler photons is always accompanied by the emission of its partner signal photon, the S 1 -S 2 coincidence detection rate enhances.
We end this section by considering the case when the idler beam between the two crystals is fully blocked (or, equivalently, the idler beams from the two sources are completely misaligned). The lowest-order correlation between the two signal beams will now be completely lost for both types of pumps. However, the situation is different if one considers the joint detection rate (intensity correlation) of the two signal beams. In the case of a laser pump, the main contributing term of the quantum state is (g lp α) 2 |1 S1 , 1 S2 |1 I1 , 1 I2 and the corresponding coincidence detection rate is C S1,S2 lp ≈ |g lp α| 4 . Comparing with Eq. (14b), we find that blocking the idler reduces the S 1 -S 2 coincidence detection rate. It is thus clear that induced emission at NL2 enhances the coincidence detection rate in the case of a laser pump. On the contrary, the joint detection rate (C S1,S2 sp ) remains zero in the case of a single-photon pump. In this case, since no induced emission is possible even for fully aligned idler beams, the S 1 -S 2 coincidence detection rate remains unchanged (zero) when the idler beams are misaligned.
IV. FURTHER DISCUSSIONS
When a nonlinear crystal is pumped with a singlephoton Fock state, the down-converted light is in a twophoton Fock state. This down-converted light displays different photon statistics than the down-converted light generated from a laser pump. An undepleted laser pump, which is usually modeled by a coherent state, allows one to treat the pump field classically. In this case, signal and idler beams are individually in thermal (chaotic) states [18, 19] ; the quantum state produced by the crystal is a superposition of Fock states, each of which contains equal number of signal and idler photons. However, a singlephoton pump cannot be treated classically; in this case, each down-converted beam is individually represented by a single-photon Fock state which is certainly not a thermal state. This difference in the statistical properties of the down-converted light for the two types of pump can be intuitively connected to our results.
It is well-known that the phase space distributions of Fock states are not Gaussian ( [20] , Sec. 11.8.6) and, consequently, the higher-order field correlation functions cannot, in general, be expressed in terms of the lowestorder ones [21] . The analogous result in our case is the fact that when S 1 and S 2 beams contain photons in a Fock state, the lowest-order coherence between the beams is not accompanied by any intensity correlation.
The phase space distribution of light in a thermal (chaotic) state is Gaussian (see, for example, [20] , Sec. 11.8.6). For such light, all higher-order field correlation functions can be expressed in terms of the lowest-order ones ( [20] , Ch. 13). We have found in our analysis that in the case of thermal S 1 and S 2 beams (produced by laser pumps), the lowest-order coherence [16] is necessarily accompanied by presence of intensity correlation between the two beams. In fact, the lack of lowest-order coherence between S 1 and S 2 is associated with the reduction of the coincidence detection rate of the two beams. Our analysis also shows that this reduction is due to the absence of stimulated emission at NL2. One can therefore conclude that in a ZWM-type experiment with individual down-converted beams in thermal states, the induced lowest-order coherence needs to be accompanied by stimulated emission, even though its contribution to the induced coherence is negligible.
V. SUPPORTING EXPERIMENTAL RESULTS
With the available technology, it is extremely challenging to perform the above mentioned experiments with a single-photon pump [22] . However, some of the conclusions we derived about the comparison of single-photon and laser pumps can be verified using a traditional ZWMinterferometer (laser pumped).
In particular, the ratio, , introduced in Eq. (13) can be estimated. The numerator ( Ψ lp | a † S2 a S2 |Ψ lp ) is given by the intensity of the signal beam generated by NL2 when the idlers are maximally aligned. The denominator ( Ψ sp | a † S2 a S2 |Ψ sp ) can be replaced by the intensity of the signal beam generated by NL1 because there is no stimulated emission at NL1, and because the two crystals are identical and almost equally pumped.
The experimental results are shown in Fig. 4(a) . The data points show that the ratio, , is almost constant for the increasing pump power as suggested by Eq. (13) . Figure 4(b) shows the theoretical curves obtained in the weak pump regime for three values of the crystal gain. It is, therefore, clear that if the result described in Fig.  4 is achieved in an experiment, stimulated emission does not play any role in inducing coherence between the two signal beams.
There is an alternative way of showing that stimulated emission at NL2 plays no role in inducing lowest-order coherence between the two signal beams. This method, which was introduced in Ref. [1] , is to insert a transmission filter on the path of the idler beam between NL1 and NL2 and then to show that the visibility of the interference pattern is linearly proportional to the amplitude transmission coefficient of the filter. It was later shown in Ref. [23] that this dependence does not remain linear when the effect of stimulated emission is prominent. A recent paper analyzes this issue in great detail [24] . Since this method has been discussed in several documents, we do not discuss it here.
The coincidence measurement between S 1 and S 2 for laser pump has been performed by Liu, et al., under more general considerations, where they controlled the rate of stimulated emission by placing an attenuator in the idler's path between NL1 and NL2 [17] . They observed significant drop in the coincidence detection rate when the idler beam was fully blocked (no induced emission) compared to the case when the idler beam was fully transmitted (maximum induced emission).
VI. CONCLUSIONS
As mentioned in Introduction, the Zou-Wang-Mandel (ZWM) experiment with photons have found broad applications in quantum optics. Recently, a ZWM-type experiment experiment has been performed with microwave superconducting cavities [25] . At this point it is important to look beyond the photonic domain and ask whether similar experiments can be performed with other quantum entities. Recent advancements in the fields of trapped ions [26] , atomic systems [27, 28] , and superconducting circuits [29] show very high prospect of research in this direction.
We have answered a question which is essential to address for generalizing the ZWM-method to fermionic systems. We have proposed to perform a ZWM-experiment using a single-photon pump. Our theoretical analysis
shows that for such a pump no emission stimulated by the light from the first source can occur at the second source. We have explicitly shown that the absence of this stimulated emission no way affects the induced lowest-order coherence [16] of the two signal beams, i.e., the beams will produce a single-photon interference pattern if superposed.
A comparison with the case of laser pump and the presented experimental results establish that in any ZWMtype experiment, where the crystals are weakly pumped, the induced lowest-order coherence is not due to stimulated emission. This fact rules out a classical or semiclassical interpretation of the phenomenon like one suggested in Ref. [12] . Precisely, the induced lowest-order coherence is not due to stimulated emission but might be accompanied by it. The effect of stimulated emission can, however, be observed in the intensity correlation of the two signal beams.
Since the lowest-order interference can be observed in absence of stimulated emission, ZWM-type experiments can be performed with fermions. Such experiments will certainly involve different emission processes which, for example, can be a nuclear decay or a pair production. In such cases, the accompanying pair or a particle can be a different particle or even its antiparticle (e.g. electronpositron pair). The ZWM-type experiments in these cases will lead to numerous novel effects which are absolutely beyond the scope of photonic ZWM-experiments. Given the rapid technological advancements in the modern era, we hope that such experiments will be performed in the near future.
